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Abstract

This paper studies asymptotic efficiency of autocovariance estimation in panel data set-
tings with individual effects when both the cross-sectional sample size and the length of time
series tend to infinity. The efficiency bound for regular estimators of autocovariances is de-
rived by using a Hajék (1970)-type convolution theorem. In view of the efficiency bound, we
provide a necessary and sufficient condition under which bias-corrected autocovariance esti-
mators developed by Okui (2010) are asymptotically efficient. In particular, we show that,
when the individual dynamics follow an ARMA(p, q) process, the bias-corrected autocovari-
ance estimator at lag k is asymptotically efficient if and only if p > g and 0 < k < p —gq.
These efficiency results are analogous to those for time series analysis obtained by Porat

(1987) and Kakizawa and Taniguchi (1994).
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1 Introduction

We are often interested in the dynamic nature of an economic variable. Panel data are useful

to investigate the dynamics separately from spurious serial correlation caused by heterogeneity
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across individuals. For example, income is typically serially correlated since an individual who
received a high income in a previous year tends to receive a high income this year too. It
is interesting and important to understand the temporal dependence of the income process
separately from heterogeneity in productivity. In time series analysis, a typical first step for
analyzing the dynamics is to examine the autocovariances and autocorrelations. However, it
is not trivial to do so in panel data settings because we need to take care of heterogeneity
across individuals although some textbooks recommend such an analysis (see, e.g., Cameron and
Trivedi (2005, chapter 21.3)). Okui (2010) studies the bias in the conventional autocovariance
estimators and proposes asymptotically unbiased estimators of autocovariances for panel data
with individual effects. This paper is concerned with asymptotic efficiency of autocovariance
estimation using panel data in the presence of individual effects.

We consider the setting in which we observe an economic variable for many individuals and
long time periods and the observed variable can be written as a sum of an individual effect
and an idiosyncratic component. The idiosyncratic component is Gaussian stationary and its
spectral density can be characterized by a finite number of parameters. We derive the lower
bound of the asymptotic variances of any regular estimators of an autocovariance using double
asymptotics under which both the cross-sectional sample size and the length of time series tend
to infinity.

Another contribution is to provide conditions under which Okui’s (2010) autocovariance
estimator achieves the efficiency bound. In particular, we show that if the true data generating
process follows a Gaussian stationary ARMA(p, ¢) model, Okui’s estimator for the k-th-order
autocovariance is asymptotically efficient if and only if p > ¢ and 0 < k < p — ¢. In general,
to obtain an asymptotically efficient estimator, we need to identify the correct data generating
process and estimate the model parameters efficiently. The efficient autocovariance estimator
can be constructed based on the efficiently estimated model parameters. However, the true
data generating process is typically unknown a priori. It is not a trivial task to develop a model
selection procedure to find the correct specification! and it is also difficult to examine the
effect of model selection on the estimation. Furthermore, for panel data with individual effects,

estimation procedure may become model specific.? Thus, if we know that Okui’s autocovariance

Lee (2010a) develops an information criterion to choose the lag of panel AR models and Lee (2010b) proposes

asymptotically unbiased estimators for AR coefficients.
2There have been many different estimators proposed for panel ARMA models. For panel AR models, see

Anderson and Hsiao (1981), Anderson and Hsiao (1981), Arellano and Bond (1991), Holtz-Eakin, Newey and
Rosen (1988), Hahn and Kuersteiner (2002), Hahn and Moon (2006) and Lee (2008). For MA models, see Baltagi
and Li (1994).



estimator is asymptotically efficient in some data generating process and if we think that the
true data generating process can be described by this class of data generating process, then
we can efficiently estimate autocovariances without going through a complicated and difficult
process of model specification and model specific estimation.

The notion of efficiency used in this paper is that of the convolution theorem by Hajek
(1970), which is extended to cases with infinite dimensional parameters by van der Vaart and
Wellner (1996). We note that the number of parameters tends to infinity in our case because
there are as many individual effects as the cross-sectional sample size. This paper contributes
to the literature of efficient estimation in the sense that we investigate the efficiency for general
dynamic panel data models with individual effects under double asymptotics.

There are three papers that are closely related to the current discussion and on which the
efficiency result presented in this paper is based. Davies (1973) derives the local asymptotic
normality of Gaussian stationary time series models where the spectral density is determined
by a finite number of parameters.®> Showing the local asymptotic normality is an important
step in obtaining the efficiency bound and we also prove the local asymptotic normality based
on Davies’ (1973). The difference from Davies’ (1973) is that we consider panel data settings
and use double asymptotics. Another difference is that we consider individual effects whose
cardinality tends to infinity while Davies (1973) only considers a finite number of parameters.

Hahn and Kuersteiner (2002) derives the efficiency bound for panel AR(1) models with
Gaussian errors and individual effects. Our mathematical derivation of the efficiency bound
closely follows that of Hahn and Kuersteiner (2002). On the other hand, we obtain a more
general result and the efficiency bound proved by Hahn and Kuersteiner (2002) can be obtained
as a special case of our result.

Kakizawa and Taniguchi (1994) derives the lower bound of the variances of autocovariance
estimator in time series setting.* They give a necessary and sufficient condition under which
the sample autocovariance estimator is asymptotically efficient in Gaussian time series models
without intercept. In particular, they show that the k-th order sample autocovariance is asymp-
totically efficient if the process follows an ARMA (p, ¢) model and p > g and 0 < k < p—¢q. We
basically obtain the same result in panel data settings. Again the difference is that we consider
panel data in the presence of individual effects and use double asymptotics while Kakizawa and

Taniguchi (1994) consider only time series models.’

3See Section A.2 for the precise definition of the local asymptotic normality. van der Vaart (1998) is an

excellent textbook for the discussion of the local asymptotic normality.
“See Porat (1987) and Walker (1995) for alternative derivations of the efficiency bound.
® Another technical difference is that Kakizawa and Taniguchi (1994) examines the limit of the Cramer-Rao



The reminder of this paper is organized as follows. The next section presents the setting and
introduces Okui’s (2010) estimator and its asymptotic distribution. Section 3 gives the efficiency
bound as well as conditions under which Okui’s estimator achieves the efficiency bound. Section
4 discusses several possible extensions and concludes the paper. All of mathematical proofs are

given in the appendix.

2 Set-up

2.1 The Model

Suppose that we have available a panel data set {y;;} for j =1,2,--- N and t =1,2,--- | T.
We assume that y;; is generated as a sum of an time-invariant unobserved individual effect
7; and a time-varying component wj;. Put more precisely, we consider a dynamic panel data

model of the form:
Yjt = Mj + Wjt,

where wj; is independently and identically distributed (i.i.d.) across individual j and follows
a Gaussian stationary process over time ¢ with mean zero. In this paper we regard individual
effects 7;’s as parameters. It is assumed that the autocovariance structure of {wj;}ez, where
Z is the set of all integers, is completely characterized by a finite-dimensional parameter 6 € ©
where O is some open subset of R”, and we denote the k-th order autocovariance by v;(6) i.e.
V() := Eg[wjiwj ], where Eg denotes the expectation under #. Note that, since {wj; }sez is
a Gaussian stationary process, the parameter # completely determines the law of the process
{wji }tez. We also impose an absolute summability condition on the autocovariance function

k — ~,(6). Thus far we have assumed the following restrictions on wj;.
Assumption 1.

(i) wjs is id.d. across individual j.

(ii) wj; follows a Gaussian stationary process over ¢ with Eg[w;] = 0.

(iil) Y ope oo [k(0)] < oo for every 6 € ©

lower bound so it gives the lower bound of the variances of (exactly) unbiased estimators. while the convolution
theorem gives the lower bound of the variances of regular estimators. Considering regular estimators does allow
estimators to be not exactly unbiased but asymptotically unbiased. Moreover, it is difficult to develop estimators

that are unbiased in finite samples in our setting because of the presence of individual effects.



Assumption 1 (iii) guarantees the existence of the spectral density fp and it can be written

as

o0

Z Ym (0) exp(—imA),

m=—0oQ

1
o

fo(N)

where ¢ := +/—1. Also note that, by using the spectral density fy, the k-th order autocovariance

~k(0) can be expressed as

w(®) = / " exp(—ikA) fo(A)dA

—T

_ / " cos(kA) fo (A,

—T
by the Fourier inversion. This expression for the k-th order autocovariance will be used later in

Section 3.

Under the setting above, this paper examines the asymptotic efficiency for estimation of

Yi(0).

2.2 The k-th order Within-Group Sample Autocovariance Estimator

A natural estimator for v,(6) may be a within-group (WG) sample autocovariance estimator

4, which is defined by
1 N T
A = NT B Z > (it — 55) Wit—k — Tj)»

where y; = %Zle y;t- Note that 4, is the sample average of individual sample autocovari-
ances.

Okui (2010) shows that 4, is consistent for v;(6) as N,T' — oo but has bias of order O(1/T),
which can be severely large when T is small relative to N. Indeed, Okui’s (2010) result implies

that under the Gaussianity, as N, T — oo with N/T% — 0,

VNT (% —7(0) + ;VT> SN0, DT (350 + s (01— (0} ] (2.1)

j=—o0
where

7T —k
Vi i=70(6) + 2 ; = (0).

Here (1/T)Vr is the leading term of the bias and it is easily seen that Vr converges to the
long-run variance of {wjt }1ez, V = pe o W(0), as T — oo. Okui (2010) proposes to estimate
Vr to alleviate the bias of 4. Let VT be an estimator of Vp and rny7 be the inverse of the rate

of convergence of Vr such that

Vi — Vi = Op(ryr)  with rypy/N/T — 0, (2.2)



as N,T — oco. A bias-corrected WG sample autocovariance estimator, denoted 7y, is obtained

by simply adding V /T to 4
- . 1.
Ve =Y+ F VT
From (2.1) and (2.2), we obtain the following result.

Theorem 1 (Okui (2010, Theorem 3)). Suppose that Assumption 1 is satisfied. Then, we have

VNT G —(0)) S N [0, 37 {75(0)% + s Ome—s(0)} |

j=—o00

as N, T — oo with N/T? — 0.

Remark 2.1. Okui (2010, Section 4) constructs an estimator V satisfying the condition (2.2)
by estimating the long-run variance of {wj;}1cz by using a kernel method developed by Parzen
(1957) and Andrews (1991). The simulation study conducted in Okui (2010) shows that Okui’s
method effectively reduces the bias in small samples. However, since the interest of this paper

is only in the asymptotic variance of 7, we will not discuss the estimation of Vi further.

Remark 2.2. The asymptotic variance of 4 presented in Theorem 1 has exactly the same
form as that of its time series counterpart (see, e.g., Anderson (1971, Chapter 8)). Also note
that, by Parseval’s identity, it can be written as
[e.9] ™
D> {50 + s (D)1 (0)} = 4w [ f5(A) cos®(kA)dA.

J=—00 o
This expression for the asymptotic variance will be used later in Section 3.2 when deriving a

condition under which 74 is asymptotically efficient.

Remark 2.3. Let cum(ty,--- ,t,) denote the p-th joint cumulant of (wjs,, -, wje,)". If we
assume that (1)>°,7 ., . [cum(0,t3, -+ ,tp)| < oo for any p < 8 and (ii) there exists M > 0
such that Eg|wjiw;rwjmwj)| < M for any t,k,m and [ , then the Gaussianity assumption on
wj¢ is not needed for the asymptotic normality of J;(#). Indeed, Okui (2010) shows without

imposing the Gaussianity assumption on {wj:}+c7 that

VNT G —(0) S N[0, 37 {756)% + 9y 0y (0) + cum(0, —k, 5,5 — k)} |, (2.3)

j==oc

as N,T — oo with N/T® — 0. Because the joint cumulants of order greater than 2 are always
zero for multivariate Gaussian random vectors, the asymptotic variance in (2.3) reduces to the

one in Theorem 1 when {wj; }+cz is a Gaussian stationary process.



Remark 2.4. Okui (2010, Remark 2) notes that the order condition N/T° — 0 is required
only for ignoring the bias term of order O(1/T?). He also states that the condition N/T3 — 0
can be relaxed if we take into account the bias term of order O(1/T?). However he does not
take such a route because it would make the form of the asymptotic bias more complicated.

For the same reason, we also keep the condition N/T3 — 0.

One of the main purposes of the paper is to examine the optimality of the asymptotic

distribution of the bias-corrected WG sample autocovariance estimator 7.

3 The Main Results

In this section, we first present the efficiency bound for estimation of the k-th order autoco-
variance () and then provide a condition under which a bias-corrected WG autocovariance
estimator achieves the efficiency bound. Lastly, we provide a brief description of the proofs of

the main results.

3.1 The Efficiency Bound

This subsection gives the lower bound for asymptotic variances of any regular estimators of
7%(6).5 To this end, the following assumptions are needed.

The first assumption is concerned with the individual effects 7;’s:
Assumption 2.
(i) Hmy—oo(1/N) 32N, 7?2 exists and is finite.
(ii) (maxj<n 77]2)/N =o0(1) as N — oo.
Next we impose some restrictions on spectral density fo:
Assumption 3.
(i) 0 +— fp(N) is differentiable at any point 6 € ©.
(i)

lin%sup\f(H—i—e) — f(0)] =0, VieoO.
€— A

SIntuitively speaking, a sequence of estimators is regular if a disappearing small change of parameters should
not change its limit distribution at all (van der Vaart (1998, p115)). For a precise definition, see Appendix A.2.
The regularity requirement is a desirable property for reasonable estimators to have and not so restrictive. For

a detailed study of the regularity condition, see e.g. Bickel et al. (1993, Chapter 2).



(i)
2
d\< oo, Vm=1,2,---,L, V€O,

™
/.
where 0,, is the m-th component of 6, and

0 0

@f@—i—e()\) - %

0
Eﬁi;jb(A)

2
d\=0, ¥Ym=1,2,---,L, VY6¢co.

T
lim
e—0 -

fo(N)

(iv) There exists a positive number ¢ > 0 such that

fo(A) >¢, VO€O, VAc][-m, ]

Finally, we impose the following restriction on the covariance matrix of w; := (wj1, wja2, - - - , w;r)":

Assumption 4. limy_,(1/T)17Q(0) 117 exists and is finite for every 6 € ©, where Q7 () :=

Eg [ij}] and 17 denotes a T-dimensional vector whose components are all 1’s.”

Remark 3.1. Assumption 2 is slightly stronger than the assumption imposed on individual
. . N

effects in Hahn and Kuersteiner (2002). They only assume that (1/N)3> 70, n]2- = O(1). The

condition (ii) is used to show the asymptotic normality of the score function of our dynamic

panel data model with individual effects. For details, see the proof of Lemma 6 in Appendix

A.3.

Remark 3.2. Assumption 3 is similar to the assumptions imposed in Davies (1973, A 1.1 to A
1.4). The difference is that Davies (1973) states these conditions in terms of the autocovariance
function k +— ~;(6), while we state them in terms of the spectral density fy. The reason
that we state conditions in terms of spectral density fy is that these conditions are easier to
check by doing so. As an example, let us consider the case where {wj; }+cz follows a stationary

ARMA (p, q) process:
wjt = ale7t_1 + agwj,t_z + -+ apwj,t_p + th + b1Uj,t_1 + -+ bj,t_quj,t_q,

where u;; is 1.i.d.N(0,02) across j and t. We also assume that the polynomials a(z) := 1 —
a1z —agz? — - — apzP and b(z) :==1+b1z+ boz? + -+ byz? have no common zeros and that
a(z) and b(z) have no zeros on the unit circle. Then the spectral density of {wj}+cz is given by

0,2 e—i)\ 2
fo(n) = e (3.1)

2m |a(e=") 27
where 6 = (a1, ,ap,b1, -+ , by, 0?). After some algebra, we can easily show that the spectral

density of the ARMA model satisfies all the conditions in Assumptions 3.

"The matrix Q7(0) is nonsingular by Assumption 3 (iv) (See e.g. Gray (2006, Theorem 5.2)). However,

Assumption 3 does not guarantee the existence of limz_ o (1/7)17Q(0) ' 17.



Remark 3.3. When {wj;}cz follows a Gaussian stationary AR(p) process as specified in
Remark 3.2 (i.e. set ¢ = 0), Assumption 4 is automatically satisfied. In fact, the arguments in
section 5.1.2 in Amemiya (1985) give

(1-m——a)

2

1
lim —17Q(0) 117 =
fm 7 Lr$He) -

Note that the limit coincides with the inverse of the long-run variance of the AR(p) process.

We are now ready to provide the efficiency bound for any regular estimators of the k-th

order autocovariance 7 (0).

Theorem 2. Suppose that Assumptions 1 to 4 are satisfied. Define

1 T 0 0 dA
L) = i) wfe(A)%f9(>\)m~

and assume that the matriz I'(0) is nonsingular. Also suppose that Tn T is any regular estimator

of vik(0) as N, T — oo. If the limit law of TnT has variance g, then

Sy > { / i Cos(k:)\)% fg()\)d)\} r(6)~! { / i cos(k:)\)% fg()\)dA} weo.  (32)
Proof. See Appendix A.3. O

Remark 3.4. A useful sufficient condition for T'(f) to be nonsingular is that for each a € R”

and each 6 € O, there exists some non-null set of A such that

@ 50— f(N) # 0

(this is a special case of Theorem 4.7 in Davies (1973)). If {wj;} ez is a stationary ARMA(p, q)
process as specified in Remark 3.2 and so has spectral density (3.1), then this sufficient condition

is obviously satisfied.

This theorem shows that the right hand side of (3.2) is the efficiency bound for any regular
estimators of v;(#). In the time series literature, the matrix I'(d) is called a Gaussian Fisher
information matrix associated with spectral density fy (see e.g. Taniguchi and Kakizawa (2000,
p58)). This name is after the fact that the matrix I'(f) is the limit of small-sample Fisher
information matrices for a Gaussian stationary process with spectral density fy.8 We also note

that the efficiency bound in Theorem 2 can be rewritten as
0 1[0
{g@ror{ Guo}.

8The closed form of the matrix T'(§) for ARMA models is available in, e.g., Box and Jenkins (1970).




because Assumptions 1(iii) and 3(i) imply that

0 & 0
50 = [ costin) G o0

This expression demonstrates that the efficiency bound has the same form as the limit of Cramer-
Rao lower bounds for estimation of 74 (#) in the time series setting.

Kakizawa and Taniguchi (1994) study the asymptotic efficiency of sample autocovariances
for a Gaussian stationary process {X;}icz with mean zero and spectral density fp. They cal-
culate the lower bound for asymptotic variances of any unbiased estimators of the k-th order
autocovariance Eg[X; X;_ x|, which is the limit of small-sample Cramer-Rao lower bounds (here
note that the k-th order sample autocovariance (1/(T — k)) EtT:k 41 Xt Xy is unbiased for
Eg[X:X;—k]). The lower bound they derive has exactly the same form as the lower bound given
in Theorem 2.

An important implication of this finding is that the presence of individual effects does not
affect the form of the efficiency bound. This result is interesting in the sense that the presence
of an infinite dimensional parameter (note that we treat individual effects as parameters whose
cardinality tends to infinity as the sample size goes to infinity) does not affect the efficiency

bound.

3.2 A Condition for 7, to be Asymptotically Efficient

We now provide a conditions under which bias-corrected WG sample autocovariance estimators
. are asymptotically efficient. We say that a sequence of estimators is asymptotically efficient
if it is regular and its asymptotic variance achieves the efficiency bound given by a convolution

theorem.

Theorem 3. Suppose that Assumptions 1 to 4 are satisfied. Then a bias-corrected WG sample
autocovariance estimator 4 (0) is asymptotically efficient if and only if there exists c € RY such
that

f2(\) cos(kN) + Cl%fg(/\) =0, VA (3.3)

In particular, if {wj:}ez is a Gaussian stationary ARMA(p, q) process as specified in Remark
3, then a bias-corrected WG sample autocovariance estimator Jx(0) is asymptotically efficient
if and only if

p>q and 0<k<p-—q. (3.4)

The condition (3.3) for asymptotic efficiency of 4y is the same as that for time series analysis

obtained by Kakizawa and Taniguchi (1994). They comment that the condition (3.3) is easy

10



to check. They also show that, for the case of a Gaussian stationary ARMA(p, q) process, the
condition (3.3) reduces to (3.4), which is a condition first derived by Porat (1987). The condition
(3.4) implies that, if {wj;}1ez is a stationary AR(p) process and k < p, we can efficiently
estimate i (0) by using 7;. Porat (1987) states that this is not so surprising in time series
contexts because AR coefficients can be efficiently estimated by Yule-Walker estimators, which
are functions of sample autocovariances. On the other hand, if {wj}+cz is a Gaussian MA(q)
process, none of the bias-corrected WG sample autocovariance estimators are asymptotically
efficient. As an intermediate case, if {wj; }1ez is, for example, a stationary ARMA(3,1) process,
then 7, is asymptotically efficient if and only if 0 < k < 2. The results for MA models and
ARMA models are non-trivial and interesting as argued by Porat (1987).

3.3 A Brief Sketch of the Proofs of the Theorems

The efficiency bound given in Theorem 2 is derived by using a Hajék-type convolution theorem.’

We give a brief explanation of a convolution theorem along with a short description of the steps
for deriving the efficiency bound for ~x(0).

A convolution theorem is a very powerful tool for providing the efficiency bound for any
regular estimators of parameters of interest. More precisely, a convolution theorem states that
the asymptotic distribution of any regular estimator can be expressed as a convolution of two
probability distributions: one is a normal distribution, which has mean zero and is common for
all regular estimators, and the other is some ‘noise’ distribution, which varies with estimators.
Since a convolution is the distribution of the sum of two independent random variables, a
convolution theorem implies that the asymptotic variance of any regular estimator is no smaller
than the variance of the normal distribution in the convolution representation. In our case,

Theorem 7 in the Appendix yields
VNT(rxr — (0))
N (0, {/ cos(k)\)ailfg(A)d)\} rg)=! {/ cos(k:)\)aaefg()\)d)\}> x W,

as N,T — oo, where W is some probability distribution that may be different for each 7n7 and
“*¥” is the convolution operator. This expression for the limit distribution implies Theorem 2.
In our setting, there are as many individual effects as the cross-sectional sample size, so we

have to deal with an infinite-dimensional parameter of the form (6,71,72,---). A conventional

9For convolution theorems in cross section contexts, see e.g. Bickel et al. (1993) and van der Vaart (2000).
These references review not only parametric cases but also semiparametric situations. For time series contexts,

see, e.g., Taniguchi and Kakizawa (2000).

11



finite-dimensional convolution theorem cannot be applied to obtain the efficiency bound. We
follow Hahn (2002) and Hahn and Kuersteiner (2002) and apply the infinite-dimensional con-
volution theorem by van der Vaart and Wellner (1996), which allows a parameter space to be
a Banach space.'® We note that the infinite-dimensional convolution theorem of van der Vaart
and Wellner is general enough to cover our estimation problem, but the theorem is too abstract
to give us a direct guidance to calculate the explicit form of the efficiency bound for ~4(6).
Hahn (2002) gives a useful characterization of the infinite-dimensional convolution theorem for
a special case where the Banach-valued parameter can be decomposed into a finite-dimensional
part of interest and a (possibly) infinite-dimensional part which is considered to be a nuisance
parameter. However, we cannot directly apply his result because Hahn’s specialization only
provides the efficiency bound for estimation of the finite-dimensional parameter itself, while we
are interested in a real-valued functional of the finite-dimensional parameter, i.e., v%(6). For
this reason, we slightly modify Hahn’s characterization of the infinite-dimensional convolution
theorem to make it appropriate for our situation (see Appendix A.2). The characterization
shows that the lower bound involves the second moments of the residuals in the projection of
the score function of the finite-dimensional parameter into the space of the score functions of
the infinite-dimensional parameter. In Appendix A.3, we use this characterization to calculate
the explicit form of the efficiency bound for ~;(6).

A key condition for applying a Hajék-type convolution theorem is the local asymptotic
normality (LAN) of the model considered. A sequence of statistical experiments or models is said
to be LAN if the local log likelihood ratio process admits a certain quadratic stochastic expansion
with the first term being asymptotically normal and the second term being —1/2 times the
variance of the limit distribution of the first term. For a precise definition of the local asymptotic
normality, see Appendix A.2. Heuristically speaking, when the LAN property is satisfied, the
sequence of statistical experiments can be approximated by a certain normal limit experiment.
This means that any sequence of statistics which has a limit law can be approximated by some
randomized statistic in a normal experiment. The proof of a convolution theorem proceeds
based on this approximation. For details on the ‘limits of experiments’ arguments, see van der
Vaart (1998, Chapter 9). The LAN condition required in the infinite-dimensional convolution
theorem is more general than that in a conventional finite-dimensional one. In Appendix A.3, we
show that our dynamic panel data model with individual effects is locally asymptotically normal
in the sense of van der Vaart and Wellner (1996) (see Theorem 6 in the Appendix). As might

be expected, the derivation of the LAN property of our general dynamic panel model is non-

10 Appendix A.2 briefly reviews their results.
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trivial because of the presence of the infinite-dimensional parameter (71,72, --) and because
we consider double asymptotics. This derivation is one of the major technical contributions of

the paper.

Remark 3.5. Let ¢ be a differentiable function from © into R™. In Theorem 7 in the Appendix,
we provide the efficiency bound for estimation of ¢(6). Thus, the efficiency bound for estimation
of 0 itself can be derived from Theorem 7. Indeed, it can be easily shown that the efficiency
bound for estimation of 6 is given by I'(§)~!, the inverse of a Gaussian Fisher information
matrix. Noting that our dynamic panel data model is general enough to include panel AR(p),
panel MA(q) and panel ARMA(p, q) models with Gaussian innovations and individual effects,
it is seen that one can use our result to assess the asymptotic efficiency of autoregressive and
moving-average coefficient estimators for those models. However, such efficiency analysis goes

beyond the scope of this paper.

Theorems 3 is proved by following the argument of Kakizawa and Taniguchi (1994). The
representation of the asymptotic variance given in Remark 2.2 indicates that 44 achieves the

efficiency bound shown in Theorem 3 when

T x i B
" sioeotnin = { [ eostongonoia [ [ 0050z |

{/7r cos(k:)\)aaefg()\)d/\}. (3.5)

The generalized Cauchy-Schwarz inequality, which is provided in Lemma 3 in Kakizawa and
Taniguchi (1994), implies that the equality (3.5) holds if and only if the condition (3.3) is
satisfied. Example 1 in Kakizawa and Taniguchi (1994) demonstrates that, if the process follows
an ARMA(p, q) model so that the spectral density has the form given in Remark 3.2, the
condition (3.3) reduces to p > g and 0 < k < p — ¢. We note that Kakizawa and Taniguchi’s
(1994) derivation of the condition (3.3) only depends on the forms of the lower bound and the
asymptotic variance of sample autocovariances. Thus, we can use their argument without any

modification even though we consider panel data settings while their result is for time series.

4 Conclusion

In this paper, we investigate the asymptotic efficiency of autocovariance estimation in a general
dynamic panel data model with individual effects when both the cross-sectional sample size and
the length of time series tend to infinity. By using the infinite dimensional convolution theorem
of van der Vaart and Wellner (1996), the efficiency bound for regular estimators of the k-th

order autocovariance is derived. It should be emphasized that the derivation is non-trivial and

13



technically involved because of the presence of individual effects. In view of the lower bound,
we provide a necessary and sufficient condition for Okui’s (2010) bias-corrected WG sample
autocovariance estimators to achieve the lower bound. In particular, we show that when the
individual dynamics follows a Gaussian stationary ARMA(p, ¢) model, the bias-corrected WG
sample autocovariance estimator at lag k is asymptotically efficient if and only if p — ¢ > 0 and
0<k<p-—gq.

In the process of the derivation of the efficiency bound for autocovariances, we also provide
the lower bound for estimation of the model parameter itself. Note that our setting is general
enough to include dynamic panel data models such as panel AR(p), panel MA(q) and panel
ARMA (p, ¢) models with Gaussian innovations and individual effects. Thus, our results can be
applicable, for example, to assess the asymptotic efficiency of autoregressive and/or moving-
average coefficient estimators proposed for those models. We are currently working on such a

line of efficiency analysis.

A Appendix

A.1 Preliminaries

In this subsection, we list some properties concerning covariance matrices for stationary pro-
cesses associated with spectral density fy. These are frequently used in the sequel. Before
stating these properties, we begin with some notational conventions. First we denote a trace
operator by tr[-]. For any matrix A, we define || A||p := (tr(A’A))Y/? (the Euclidean norm) and
|AllB = supjy,=1 |Az[£ (the Banach norm) where x is a vector conformable with A. For
any Euclidean vector a, these two norms coincide and is denoted by ||a||g. Note that, for any
conformable matrices A and B, we have the relation | AB||g < ||A||g||B|| g, which is also useful

in the subsequent subsections.

Lemma 1. Suppose that Assumption 1 and 3 are satisfied. Then the following hold.
(1)

127(0)] 5 < 27r81ipfe(>\) < > w(0)] < oo,

k=—o00

900+ ) = ()15 < 25D forclN) = fo(W] = 0 as e —0.
(i)
197 0) < 5= sup £ () < o,

14



1
sup Q7N +€)|] < =— sup Sup|f9+( )] < oo for some d > 0.
lellz<s 27 el p<s

(iii)

8 [e'e) 2 T 8 2
|0 EJ@M = [ | 0] tr<
B 2 0 ?
t| s re+a - g-uo)| ]wc 640~ go-ul6)

2

0 d\— 0 ase— 0.

6. o fore(A) — @fa()\)

:/_ﬂ

(iv)

—0 asT — oo.
B

= Hazn 2(0)

Proof. This is a special case of Corollary 3.3 in Davies (1973), although there is a minor differ-
ence: Davies (1973) uses {exp(—27mim\)} ez as a complete orthonormal set of L2[0, 1], whereas

we use {5 exp(—im\)} as a complete orthonormal set of L?[—,7]. However, this is not

meZ

an essential difference. O

A.2 A Convolution Theorem

In order to derive the efficiency bound for any regular estimators of ~(#), we will employ
the infinite dimensional convolution theorem by van der Vaart and Wellner (1996). In this
subsection, we briefly review their result and then specialize it to the case appropriate to our
situation (Theorem 5 below).

To begin with, we introduce some of their notation and definitions. Let H be a linear
subspace of a Hilbert space with inner product (-,-) and norm || - ||. For each N and h, let Py,
be a probability measure on a measurable space (Xy,.Ayn). Consider a problem of estimating
a parameter £y given an observation with law Py . Let {Aj, : h € H} be an iso-Gaussian
process indexed by H: a Gaussian process with mean zero and covariance function EAp Ay, =
(h1, ha). The sequence of experiments {Xn, An, Py, : h € H} or simply {Pn, : h € H} is said

to be locally asymptotically normal if we can write

dPN,h
dPn o

1
tog ST = A~
for a sequence of random variables Ay j, such that, as N — oo,

Ay > Ay (A1)
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Here ~5 denotes weak convergence under Py . By the iso-Gaussianity assumption on {Ay, : h €

H?}, the condition (A.1) is equivalent to saying that, for any finite subset {h1, ha,- - ,hq} C H,

AN,
A

M0 N(O, (hay 1)) (A.2)
AN,

as N — oo where ((h;, hj)) is a d x d matrix whose (7, j)-th component is (h;, h;). If Any is

linear in h, i.e., for any positive integer d and any a = (ay,as,--- ,aq)’ € RY,
d
AN:Z?:1 aihi — Z @i AN by (A.3)
i=1

then the conditon
0 2
Anp ~ N(O, ||R]7) VA

is equivalent to (A.2). This follows from an application of the Cramér-Wold device.
The sequence of parameters ky(h) is assumed to take values in a Banach space B. It is also

assumed to be regular in the sense that, as N — oo,
rn(kn(h) —kNn(0)) = & Yhe H

for some bounded, linear map % : H — B and certain linear maps ry : B — B. A sequence of

estimators 7 is said to be regular with respect to ry if, as N — oo,
ry(ry — kn(h) 5 L Vhe H.

It should be emphasized that this definition requires that the limit distribution L be the same
across h. Let B* denotes the dual space of B. The bounded linear map 4 : H +— B has an

adjoint map &* : B* — H where H is the completion of H. This is determined by the relation
(K*b*, h) = b*k(h)

for b* € B*.
Under the setting above, van der Vaart and Wellner (1996) establish the following infinite

dimensional convolution theorem:

Theorem 4 ((van der Vaart and Wellner, 1996, Theorem 3.11.2)). Assume that (Pnyp @ h €
H) is locally asymptotically normal. Also assume that the sequence of parameters ky(h) and
estimators T are reqular. Then, the limit distribution L of rn(7n — kN (0)) equals a sum G+ W

of independent, tight, Borel measurable random elements in B such that

b*G ~ N(0, ||&*b*]|*) Vb* € B*.
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Hahn (2002) specializes the infinite-dimensional convolution theorem above for a case where
a component of h is a real number, so that we can write, say, h = (§,&) for some § € R.}
In his specialization, he fix §p € R and sets dp + 0/rn as a parameter to be estimated i.e.
kn(h) = kN (6,€) = do + d/rn. In our case, the parameter to be estimated is the k-th order
autocovariance which is parameterized by 6y + 0/ry ie. kn(h) = kn(0,7) = (0o + 0/rn)
where ry = VNT (for the details of this parameterization, see the next subsection). Obviously
our situation is not covered by Hahn’s theorem, so that we need to modify Hahn’s result in

order to cover our setup. The following theorem is sufficient for our purpose.

Theorem 5. Suppose that {Pny, : h € H} is locally asymptotically normal. Also suppose
that (i) h = (6,&) for 6 € RY and &€ € = (an inner product space), i.e., H = RV x =, (i)
the inner product on H is a sum of inner products on R* and =, (i) rn is a real sequence
with vy — oo and ky(h) := ¥ (8o + &6/rn) for some fived 69 € RY and a totally differentiable
function ¢ : RE — RM with its derivative ¥, (w) Ap = 8 Ay + Ag(€) for an L-dimensional
random vector Ay = (Agl),Agz), - ,AgL))’ and a random variable Ay (€) and (v) {A2(€) : € €
E} is a linear subspace of a set of square-integrable random variables on the real line. Let
A = (Agl),A?), e ,AgL))’ be a vector of residuals in the projection of A(lj) on the closure of
{Ay(B) : € € B}. We also assume that (vi) the matriz EAL A is nonsingular. Then for any

reqular estimator T, we have, as N — oo,

-1 .

d . ~ ~
vty = 0) 4 (0,0060) (BRi45) b0y )«
where W is some distribution on the real line and * denotes a convolution operator.

Proof. We extend the proof of Theorem 4 in Hahn (2002). First consider the case when 1) is
real-valued. Since v is assumed to be differentiable, it is easy to see that Ky (h) = (do + 0/7N)

is regular. In fact, as N — oo,

it () = (0) = v (0 50+ ) = w60 ) = s

and the row vector zb(éo) obviously defines a bounded linear operator from R into R.
For d € R, we write £* : d — &*(d) = (k*(d), £3(d)) 2 where £%(d) is the L-dimensional

Euclidean part of £*(d). Note that the adjoint operator k* is determined by the relation

((R(d), 75(d)), (8,€)) = di(0)d  ¥(8,€).

Now setting d = 1 and writing (%, &%) == (k}(1), £3(1)), we have

(A1, 73), (6,8)) = 1(d0)d  V(6,8). (A4)
Note that the notation here is slightly different from Hahn’s (2002).
12Note that B = R and we may and do identify the dual space R* with R.
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In particular, substituting (6,&) = (&7, /%) yields
(77, 311 = 4(J0)1 (A.5)
Below we will show that
EA AR = 1)(60)'. (A.6)

If this holds, then the equality (A.5) yields the desired result for the case of a real-valued .
To show (A.6), we write £} = (]}, klq, -+, £]) and assume for simplicity only that f1; #0
forall j =1,2---, L (a proof would be similar but more complicated if #7; = 0 for some j). Let

e; be the i-th column vector of an L x L identity matrix. Substituting § = e; into the equality

(A.4), we have

(R}, i5), (€3, €)) = v(do)e; VL.

Furthermore, observe that
(R 5), (e €)= E (A1 + D2 (59)) (A1 + A2(9)) ]
L
= 2}/’@’1‘@[( 2(8)) (A +22(9))]

for some &7 such that Ay(£7) = (1/Lkj;)A2(k3). Thus we have
Z KE[(AP + 82 () (A0 + 85(0))] = d(00)es Ve, (A7)
From this, it follows that
Zfﬁ] [(A( + Ag (§])> (f)] = constant V¢.
This reveals that
Z R (AP + 22 (€)) 2a()] =0 ve. (A.8)
Now recalling that Agj) is a projection of Agj) on the closure of {Ay(§) : £ € E}, we have
E (a0 8s6)] =E [APAs(e)] e,

In addition, there exits a sequence A " in {A2(¢) : €& € =} such that A%Z — Agz) in L? as

1n

n — oo, and A(l) + Ao (&) are all in {Ag(§) : & € E}. Thus from (A.8) it follows that
Z""lﬂ (A +22(8)) (A +22(eD)| =0 wn.
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By continuity of inner product, we have

Ez“ﬂ[( D480 () (AP + Aaien)) | = 0.

Multiplying the both hand sides of the last display by A]; and summing up over ¢ =1,2,--- , L,

we obtain

2
L

E|(Y 45 (AgjuAg(g;)) = 0.
7j=1

This implies that, almost surely,
L ' L
— Y RGAY = 3R M)
Jj=1 Jj=1
Substite this into (A.7), replace Ay(§) by Aﬁz and let n — oo to obtain
L
Z,ﬁj [AO ﬂ b(do)e; Vi=1,2,--- L.

Stacking these equahtles over i yields the desired identity (A.6). This completes the proof for
the case of a real-valued 1.
Based on the above result, we next consider a more general case where 1) is M-dimensional.

Since it is assumed that 7 is regular, there exists some M-dimensional random vector L such

TN(TN¢<50+>) ~ L VYhe H.

Thus, for any fixed a € RM, we have

TN <a/TN—a’¢< >>wa’L Vh € H,

which means that o'7y is regular for a’¢)(dp + E) It follows from the convolution result for a

that

one-dimensional function v that
/ ’ Y 0
ry | aTny —ay | dg+ — ~ G+ W,
N

where G, and W, are independent random variables with

z/}(ao)'a> .

Ga ~ N (0, CLIIL((S()) (EA1A3>
Now we write G, = a'G where
. Y -1 . ,
G ~ N {0,9(0) (EA1A1) ¥(do)" | -
Because d’'L = o'G + W,, we can write W, = /(L — G). Defining W := L — G, we have

a'L = a'(G+W). Since a is arbitrary, the Cramer-Wold device implies that L = G+ W, which

completes the proof for an M-dimensional case.
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A.3 Derivation of the Lower Bound

In this subsection, we first show the local asymptotic normality of our panel data model with
individual effects in the sense of van der Vaart and Wellner (1996) and then prove Theorem 2,
which presents the efficiency bound for estimation of v (8).

To this end, we let y; = (y;1,¥j2, - ,yjr) and define 1 to be a sequence of individual effects
n;’s, i.e., n == (ni,m2,---). Now fix (0,7n) and let (0~, ) be local parameters. We localize the
parameters around (0,7) as follows:

and 77—|—L.

0
vVNT vNT
We also define h := (7},0). For simplicity of notation, we write Q5 = Qr (9 + V%) . Note

0+

that, in this notation, Qy = Qp(6).

The local log likelihood ratio of our panel data model with individual effects is given by

dPNh
dPNO

N N 1
~ log det Qo — ~ log det Q5 + 5 ;(yy‘ —n17)' Q5 (y; — mjlr)

_;g (w _ (m + \/’]7\%) 1T>/Qg1 (yj - (nj + %) 1T>

N N
= 5 log det Qg — > log det €25

log

DN | =
~
Mz

+ = mi1r)' Qg (y; = nilr) — —1i17)' Q5 (y; — nylr)
j=1 J=1
N N
1
Z 1 (y; — njlr) — 2NTZ Q-

Since y; — nj17 = w; under Py o, we can write the log likelihood ratio as follows:

dP N N
log — 20 5 logdet Qg — - log det

dPNO
e 1 &
ro-—1 ro—1
—1—5 E w; Qg wj — 3 g w2 w;
j=1 j=1

N N
1 2 :~ I 0—1 2 : =2
+\/77 P 77]1TQ§ 'LU] 2NT - 1TQ 1T

Lemma 2. Under Py, as N — oo and T'— o0,

N N 1o 1
—1 -1
glogdetﬁo—Elogdetﬂé—i—iZw;QO wj—52w;ﬂe w
i=1 =

_%n (le(émo)ﬂgl(émo)) + 0py (1)
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where

Proof. This proof is similar to that of Theorem 4.4 in Davies (1973). The difference is that we
take into account cross sections and use double asymptotics. Thus several modifications are
needed.

Let us define

N N 1 1
aNT = Elogdet Qo — Elogdet Q5 + 5 Zw}Qale —3 Zw'Qfl
=1 =

%

i { gng)Q wj — tr (951(5VQO))}
+%m« (25 (0V920)25 10V <))

It suffices to show that Eg[anr] and Varg[anr] tend to 0 as N,T — oo.
Note that, for any symmetric matrix A, we have Eg[w’Aw;| = trace(A). From this, it

follows that

N 1 ) _
Eglanr] = 5 {logdet(QOQ Y+ tr(l7 — Q05 )} + ot (le(emo)ggl(emo)),

where I7 denotes a T x T identity matrix. Setting Ay := QOQH —I=(Q—9Q; )Qefl, we have

N
EpanT = {log det(Ir + An7) — tr(AnT) + tr A }
4 i (i (251090025 (3V60)) —~ NTtr (2500 — 0925 (0 — 7)) ka.9)
AT 0 0/)%%0 0 0 0 .
It is known that, for any symmetric matrix A with ||A||p < 1, we have
1 1
| log det(I + A) — tr(A) + §tr(A2)| < gHAHBHAHQE(l —[14]5)~*

where [ is the identity matrix.!® Further, since [|[Q— ;|| 3 tends to zero and ||Qg1 || B is bounded
as N,T — oo by Lemma 1 (i) and (ii), we see that [|[An7|lz < |0 — QgHBHQé_IHB =o(1) as
N, T — oo. Thus, for sufficiently large N and T, the first term of the right hand side of (A.9)

is bounded by
N 2 -3 1 0 2 —113 -3
o 1ANTlBlANTIE — lAnTlE) ™ < 10VQlIElIR0 — Q511057 151 — lA7lls) ",

where § = uf and u is some real number in (0,1) that determines a mean value for Tayler’s
expansion of 6 — Q5 = Q(0+6/v/NT) around 0. Because (1/T)||0VQ]% is bounded by Lemma

1 (iii), the right hand side of (A.9) turns out to be o(1) as N, T — oc.
13For the proof of this result, see e.g. Appendix II of Davies (1973).
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As for the second term of (A.9), observe that

% ‘tr ( LV Q) (evszo)) — NTtr (le(go — )05 (9 — Qg))‘
1
AT

r (le(émo)ggl(émo)) Ctr (Q (V95)9; (avszg)) ‘

tr (951(9VQO)951(§VQO) —Q:1(0V00)9; BV )

+0.1(0VQ0)25 1 (0VQ0) — Q51 (V)05 (0V )
+ €5 (GVQQ)Q LOovy) — Q5 (GVQQ)Q LOVQ0)
+ Q1 BV (V) — Q51 (OV)0 (emg))]
< 10Vl I05 3105 15195 — Qolls + 710V — V0] 1870 51025 15125 15
+ 218Vl 1091 21125 15125 119~ Qolls + 121890 ~ 8905 118V 21125 3
It follows from the same arguments as above that the extreme right hand side of the last display
is o(1) as N,T — oo. Thus we have Eglanyr] = o(1).

The proof that Varglayr] — 0 as N,T — oo is similar to the above arguments and thus the

details are omitted. O

Lemma 3. AsT — oo,

%u« (05 BV (GV00) ) = FTO)F + o(1)

where

/ f)-22 X
T 4r 89 89’ e’
Proof. This is a special case of Theorem 4.4 in Davies (1973). O

Lemma 4. Under Py, as N — oo and T' — oo,

1 > POy — — i”&’ o1 :in’ Qg tw;
T;n]]‘T 0 Wy — 2NTJ - 3% T szlnj T=%0 J
L ZN:ﬁh’ Q'L + 0y (1)
2NTJ:1 i T°°0 T PN,0 °
Proof. First observe that
1 a ~ 1/ —1 al = 41 O— 2
Eg \/ﬁ;wh% Wy F;%hﬂo Wy
1 al ~24/ -1 -1
:ﬁznle(Qé Qo (T — Q1

N
1 - _ _
< (N E 77]2) HQOIHQBHQ(;1”23”90”3”90_QéHB'
=1
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The extreme right hand side is o(1) as N, T — oo, by Assumption 2 and Lemma 1 (i) and (ii).

Thus we have

N N
Z 10w = TZﬁjl}Qale—FoPO’N’T. (A.10)
j=1 j:l
Next,
1 Y . 1 Y
ﬁZﬁ?’l&“Q 11T_W277§1£[Q(;11T < Nzﬁ? 125111 811€2% 1l 81125 — Qoll 5-
j=1 j=1 j=1

The extreme right hand side is also o(1) as N,T" — oo. Hence we have

N
1 1 1
~T 2 T 1 = ~T ; 717905 1 + o(1), (A.11)
as N,T — co. Combining (A.10) and (A.11) yields the desired result. O

Lemma 5. Under Py, as N — oo and T' — oo,

ZN: { THOV Q)0 w; — tr (le(évgo))}

N
\/tZﬁlTQ w]—>N 0,0'T(0)0 + hm —Zn] Jim ITQ 17

Proof. To prove the asymptotic normality, we use Theorem 2 in Phillips and Moon (1999).14

Let us denote by bjr an L-dimensional random vector whose m-th component is

% {w;le <82 9(0)> 0 twj — tr <95 (ag Q<0))> } ‘

é/ . 1 b
G=| ) ma Q= |
95 77]'2 T IITQO wj

Define

(A.12)

Also set Y = Eg[Q;rQ’;7]. Below we will verify the four conditions in Phillips and Moon in
the order (iv), (i), (ii) and (iii).
Consider the condition (iv). Note that, for s = 1,2, the (s, s)-th element of (1/N) Z;VZI Ci¥rC;

is

Y Rigorously speaking, Theorem 3 in Phillips and Moon does not cover our situation because the matrix C; in
the theorem is required to be a square matrix conformable with Q;r, while, in our case, the matrix C; (defined
n (A.12)) is not necessarily a square matrix. However, closely examining the proof of Theorem 3 in Phillips and
Moon, we can verify that the requirement is not essential and that the result is still valid even when Cj is not a

square matrix.
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%{ 7 BV 20) 2wy — tr (257 (B:V) ) | + 7151725 2

1 N
T 2

1 o~
= St (Qol(HSVQO)Q (0, VQO> ans 1TQ 17
1 Y i
o7 D MisEa i (0:V0) Q5 w105 ]
j=1

1 o~
ﬁtr(Qol(HsVQo)Q (0, VQO) st 1TQ e

where the last equality follows from the observation that

Eo[w} Q5 B,V 00)05 w1505 ) = tr [(951 (0,9920)05" ) B [(25 1 @ w)) (w; @ w))] |

= 0.

A similar argument shows that, for s # ¢, the (s,t)-th element of (1/N) Z;V:1 CiXrC} is

1 _
Ztr (le(asvszo)ﬂ (6, V) )

5T 155Nt 1TQ 17

||M2

Thus we see that, as N,T — oo, (1/N) Zjvzl C;X7C} converges to the covariance matrix (?7)
by Lemma 3 and Assumptions 2 and 4. To show the positive definiteness of the covariance

matrix (?7), observe that it can be written as
4 - L~ T i
~,1 F(9)< 01 0, )+p lim NZ _ J~1 J~2]
05 = \ iz M
Since I'(#) is positive definite and #; and 6, are linearly independent, we deduce that the

covariance matrix is positive definite. Thus the condition (iv) is satisfied.

Next turn to the condition (i). From the same arguments as above, we see that

VO
o p

ET—>

as T' — oo. Obviously the limit matrix is positive definite. Thus the continuity of eigen values
(see e.g. Schott (2005, Theorem 3.14 and Example 3.11)) implies that lim inf7_, o Amin(X7) > 0
where Apin () denotes the minimum of the eigenvalues. Hence the condition (i) is satisfied.

To verify the condition (ii), first observe that

N ] N 52 P
oa= ) (0 oa)epy(
j=1

05 =1 \ M2 T
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and note that the limit of % Zé\le CjC’J’- is positive definite. From this it follows that

N—oo

N
1
lim inf Amin | = > CiC5 | > 0.
j=1

Thus, for sufficiently large N,

max;<n ||C}||% < Héﬂﬁ; + HéQH% + max;<y ﬁ?-l + max;<n 77?2 _0 ( 1 )
Min (S050C5C4) T NTimintyo Amin (& 20 65C5)
by Assumption 2 (ii). This verifies the condition (ii) in Phillips and Moon.
The condition (iii) in Phillips and Moon (1999) requires that the process {||Q;7|%}rez be
uniformly integrable. A sufficient condition for this is that each component of Q;r is bounded

in its fourth moment. In other words, it is enough to prove that, for each m =1,2,--- L,

wi Qg (agmgz(eo 0y lwy — tr (961 (aZnQ(@)))

1
T2

1 4
—Eo = 0(1) (A.13)

and
Eg 1595 'w; | = O(1).

We first show the latter. Observe that

1 -1, |4 1 -1 -1, 12

ﬁEe‘]'/TQO ’LUj| = ﬁEe‘w;QO 1T1/TQO wj‘

1

T2 [{tr(Qy ' 1717) 12 + 2tr(Qg ' 101400 ' 117
3 _ 2

= ﬁ(llTﬁollT) :

This is O(1) since %I’TQE 117 is convergent as T — oo by Assumption 4.
Next we turn to the fourth moment in (A.13). Let B;m) = Q! (%Q(G)) and observe

that

1 4
—Eo ‘w;B(Tm)lewj —tr (B(Tm)ﬂ
= %Ee ‘w}B(Tm)lewjr‘—zltr (BY") B ‘w;B(Tm)lewj‘ngG (i (B<Tm>>>2E9 ‘w}B(Tm)Qalef
() ]+ (o )

Applying the formulae for the third and fourth moments of quadratic forms in Gaussian random

vectors (see e.g. Theorem.10.21 in Schott (2005)), we see that

%Ee w}B(Tm)Qale —tr (B}m)) )4 = % <tr { <B(Tm))2}> : + %tr { <B(Tm))4}

60 || O

T2 @9(9)

IN

4
125 -
E
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The extreme right hand side is O(1) as N,T — oo, again by Lemma 1 (ii) and (iii). Therefore
|Qjr||% is uniformly integrable in 7. Now that the conditions of Theorem 3 in Phillips and

Moon are all verified, the asymptotic normality is shown. O

Theorem 6. The local log likelihood ratio of our panel model is asymptotically normal in the

sense of van der Vaart and Wellner (1996, p412). That is, under Py, as N — oo and T — oo,

we have
dPn p, 1
log Tt = Axcn = I +05,(1),
where
1 N
ro—1/5 -1, —1/5
Anp = Ax(0,7) QWZ{%QO (0V20)Q  w; — tr <QO (HVQO))}

Jj=1
1 N
+— E 7150
ﬁNTjﬂ??J 7% Wy

converges weakly under Pno to Ay ~ N(0,||h|[?). Here, ||h||> = (h,h) and the inner product
(-,-) is defined by

((61,71), (02,72)) 11 := 0,T(0)0 + lim

1
fio - lim —1,Q7 1.
N~>OO 1nj2 Tl—r)r;oT =% T

||M2

Proof. This theorem follows from Lemma 2 to 6. O

Theorem 7. Suppose that Assumption 1 to 4 are satisfied. Let 1) be a differentiable function

from © into RM and let TN be any reqular estimator of 1(0) as N,T — oo. Then,

VNT(ryr = (0)) % N (0.4(O)0(0)79(0) ) * W.

as N,T — oo, where x denotes a convolution of probability measures, W is some distribution

on the real line. In particular, if the limit law of TnT has variance Yg, then

o = $()L(0)(9)'.

Proof. In Theorem 6, We have established the LAN property of our panel data model, so that,
in order to apply Theorem 5 into our estimation problem for 1(6), we have to decompose A(é, n)
into a sum of random variables of the form as in the condition (iii) in Theorem 5. To this end,

let us denote by A; n an L-dimensional random vector whose m-th component is

s o (o o ()

26




and also set

AQ,N('F]) : ]_/TQEIQU]

1 N
~VNT ;m
Then we can write Ay (,7) = 8'A1x + Ao n (7). Now letting (61,71) = (6,0) and (0, 7) =

(0,7) in Lemma 6, we have, as N — oo and T' — o0,
OM N \ 4 [ 0A
Ag N (1) Aa(1)

where
Ay = (AW AP APy N0,T()

and

N—o0

N
~ : 1 ~2 : 1 I 0—1
AQ(’]’]) ~ N(O, lim N jzlnj . Th_rgo TlTQO ]-T)
with EA;As(77) = 0. Using this joint convergence in distribution, together with the continuous
mapping theorem, we easily see that A(é, 7) admits a desired decomposition A(é, n) = 0'A +
A (7).

Finally we calculate ]Eﬁlﬁ’l. Noting that Agm) is orthogonal to As(7) for each m =

1,2,---, L, we can deduce that the projection of Agm) on the linear space {Ay(7)} is just 0

(see e.g. Kreyszig (1989, p148)) and the residual Agm) in the projection is Agm) itself. Hence,
it follows that EA; A} = EAJ A} =T(6).

This result and Theorem 5 yield the desired result.

Proof of Theorem 2
Setting 1(0) = v, (#) in Theorem 7, we have the desired result.
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